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We report the forbidden 6s2 1S0 −→ 6s5d
3D1 magneti-dipole transition amplitude omputed
using multi-referene Fok-spae oupled-luster theory. Our omputed transition matrix element
(1.34× 10−4µB) is in exellent agreement with the experimental value (1.33× 10
−4 µB). This value
in ombination with other known quantities will be helpful to determine the parity non-onserving
amplitude for the 6s2 1S0 −→ 6s5d
3D1 transition in atomi Yb. To our knowledge our alulation
is the most aurate to date and an be very important in the searh of physis beyond the standard
model. We further report the 6s6p 3P0 −→ 6s6p
1P1 and 6s5d
3D1 −→ 6s6p
3P0 transition matrix
elements whih are also in good agreement with the earlier theoretial estimates.
PACS number(s) : 31.15.Ar, 31.15.Dv, 31.25.-v, 32.70.Cs,
I. INTRODUCTION
The highly forbidden 6s2 1S0 −→ 6s5d
3D1 magneti-dipole (M1) transition amplitude in ytterbium (Yb),
a key quantity for evaluating the feasibility of parity non-onservation (PNC), has reently been measured
by Stalnaker et al. [1℄ using Stark-interferene experiment. The eletri-dipole (E1) matrix element for
6s2 1S0 −→ 6s5d
3D1 transition in Yb is forbidden beause of its s− d nature. The forbidden M1 transition
amplitude mentioned above is therefore the key quantity to explore the feasibility of the PNC study for this
transition in Yb. Aurate determination of the M1 transition amplitude, whih is strongly suppressed in
nature in the absene of external elds, an be used together with the large PNC- and moderately large
Stark- indued E1 amplitudes to understand PNC studies in neutral Yb. Strong onguration mixing and
spin-orbit interation in both the upper and the lower states give rise to a non-zero 6s2 1S0 −→ 6s5d
3D1
transition amplitude [1, 2℄. Surprisingly, despite its tremendous importane in PNC experiments, only a
rough theoretial estimate (|A(M1)| 6 10−4µB) is available in the literature for this transition. PNC in
atoms arises from the neutral weak interations and are onsiderably enhaned in heavy atoms. Combining
the high preision experiments and theoretial alulations of PNC observables, it is possible to extrat the
nulear weak harge [3℄. Any disrepany of its value with the one obtained from the standard model (SM)
of partile physis ould possibly reveal the existene of new physis beyond the SM.
The ground and exited states of losed shell ground state systems like Yb are, in general, multi-
ongurational in nature, and hene, an aurate desription of these states requires a balaned treatment
of non-dynamial or onguration mixing and dynamial eletron orrelation eets (this will be more lear
by studying the energy levels in gure 1). It is, therefore, imperative that these systems must be treated
with methods whih are ombinations of the onguration interation (CI) and many-body perturbation
theory (MBPT), suh as multi-referene many-body perturbation theories (MR-MBPT) [4, 5, 6, 7, 8, 9℄,
multi-referene Fok-spae oupled-luster (MR-FSCC) theories and/or it variants [10, 11, 12, 13, 14℄ et.
The state-of-the-art MR-FSCC is an all-order approah and is apable of providing reliable estimates of pre-
dited quantities. In this paper, we employ the MR-FSCC method to ompute the magneti-dipole transition
amplitude for 6s2 1S0 −→ 6s5d
3D1 transition in Yb using four-omponent relativisti spinors. The resulting
value of this magneti-dipole transition matrix element in atomi Yb is 1.34× 10−4µB, whih diers by less
than one perent from the experimental value. In addition, we have also alulated the 6s6p 3P0 −→ 6s6p
1P1
M1 transition transition amplitude in Yb whih plays ruial role in the measurement of the PNC indued
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Figure 1: Energy levels of the ground and low lying exited states of Yb. The energies (in cm−1) are given with
respet to the ground state and are obtained from the NIST database [15℄. Eletri dipole (allowed) and magneti
dipole (forbidden) transitions are represented by `blue' (solid) and `red' (dashed) lines respetively. This diagram
helps us to understand the requirement of a multi-referene theory to desribe the atomi states of Yb.
eletri-dipole amplitude [16℄. This is the rst time any variant of oupled-luster theory has been applied
to determine the M1 transition amplitude of Yb. A preise determination of this quantity ensures not only
the power of the theory but also for the experimental unertainties. To our knowledge no suh theoretial
results are available for magneti dipole transitions in Yb.
The struture of this paper is the following : setion I desribes the physial relevane of the problem.
Setion II provides a brief outline of the multi-referene Fok-spae CC (MR-FSCC) theory for two-eletron
attahment proesses that is used to ompute the M1 transition elements between the ground
1S0 and exited
3D1 state. Setion III ontains the results of our alulation with an in-depth disussion. Finally in setion
IV we onlude and highlight the ndings of our paper.
II. FOCK-SPACE MULTI-REFERENCE COUPLED-CLUSTER (MR-FSCC) THEORY FOR
TWO-ELECTRON ATTACHMENT PROCESSES
In MR-FSCC method [11, 12, 13, 17, 18, 19, 20℄, the self-onsistent eld (SCF) solution of the Hartree-
Fok (Dira- Fok in relativisti regime) for the N -eletron losed shell ground state ΦHF/DF is hosen as
the vauum (for labeling purpose only) to dene holes and partiles with respet to ΦHF/DF. The multi-
referene aspet is then introdued by subdividing the hole and partile orbitals into ative and inative
ategories, where dierent oupations of the ative orbitals will dene a multi-referene model spae for
our problem. We all a model spae to be omplete if it has all possible eletron oupanies in the ative
orbitals, otherwise inomplete. The lassiation of orbitals into ative and inative groups is, in priniple,
arbitrary and is at our disposal. However, for the sake of omputational onveniene, we treat only a few
hole and partile orbitals as ative, namely those are lose to the Fermi level. The lassiation of orbitals
is depited shematially in Fig.2(a). Diagrammatially, ative holes and partiles are depited as solid lines
3with double arrows and the orresponding inative lines are designated by dotted lines with single arrow. The
orbitals whih an be both ative and inative are designated by solid lines with single arrow (see Fig.2(b)).
We designate by Ψ
0(k,l)
i a model spae of k-hole and l-partile determinants, where in the present instane
(Yb+2 + 2e −→ Yb), k = 0 and l ranges from 0 to 2. Generally, any seond quantized operator has k-hole
and l-partile annihilation operators for the ative holes and partiles. For onveniene, we indiate the
hole-partile valene rank of an operator by a supersript (k, l) on the operator. Thus, aording to our
notation, an operator A(k,l) will have exatly k-hole and l-partile annihilation operators.
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Figure 2: (a) Shemati depition of the lassiation of partile and hole orbitals into ative and inative ategories.
(b) Diagrammati representation of hole (↓), partiles (↑), ative partiles (double up arrow), inative holes, and
partiles (dashed down/up arrow). () Diagrammati representation of S(0,0) (T ), S(0,1), and S(0,2) luster operators.
We now desribe the type of ansatz used to derive the MR-FSCC equations for diret energy dierene
alulations in two-eletron attahment proesses. The Hartree-Fok/Dira-Fok funtion ΦHF/DF is denoted
byΨ(0,0) and the inative hole and partile orbitals (dened with respet to ΦHF/DF) are labeled by the indies
a, b, c, · · · and p, q, r, · · ·, respetively. The orresponding ative holes and partiles are labeled by the indies
α, β, γ · · · and u, v, w · · ·, respetively. Note that there will be no ative holes (partiles) for two eletron
attahment (detahment) proesses. The luster operator orrelating the N -eletron ground/referene state
is denoted in our notation by S(0,0) whih an be split into various n-body omponents depending upon
the various hole-partile exitation ranks. The luster operator S(0,0) upto 2-body (rst two diagrams of
Fig.2()) an be written in seond quantized notation as,
S(0,0) = S
(0,0)
1 + S
(0,0)
2 + · · · =
∑
p,a
〈p|s
(0,0)
1 |a〉{a
†
paa}+
1
4
∑
a,b,p,q
〈pq|s
(0,0)
2 |ab〉{a
†
pa
†
qabaa}+ · · · (1)
where a† (a) denotes reation (annihilation) operator with respet to ΦHF/DF and {· · ·} denotes normal
ordering. It should be noted that S(0,0) annot destroy any holes or partiles; ating of ΦHF/DF, it an only
reate them.
For (N+1) eletron states the model spae onsists of zero ative hole and one ative partile (k = 0, l = 1)
and hene aording to our notation the valene setor for (N + 1) eletron states an be written as (0,1)
setor. We introdue an wave operator Ω whih generates all valid exitation from the model spae funtion
4for (N + 1) eletron states. The wave operator Ω for the (0,1) valene problem is given by
Ω = {exp(S(0,0) + S(0,1))}. (2)
In this ase the additional luster operator S(0,1) must be able to destroy ative partile present in the
(0,1) valene spae. Like S(0,0), the luster operator S(0,1) an also be split into various n-body omponents
depending upon hole-partile exitation ranks. The one- and two-body S(0,1) (3rd and 4th diagram of
Fig.2()) an be written in the seond quantized notation as
S(0,1) = S
(0,1)
1 + S
(0,1)
2 + · · · =
∑
p6=u
〈p|s
(0,1)
1 |u〉{a
†
pau}+
1
2
∑
p,q,a
〈pq|s
(0,1)
2 |ua〉{a
†
pa
†
qabau}+ · · · (3)
where u denotes the ative partile whih is destroyed.
Similarly, for (N +2) eletron states (two-eletron attahment proesses) the model spae onsists of zero
ative hole and two ative partiles (k = 0, l = 2) and the valene setor may be written as (0,2) setor.
In this ase, the additional luster operator must be able to destroy two ative partiles and this may be
designated by S(0,2). The total wave operator Ω for the (0,2) problem is then given by
Ω = {exp(S(0,0) + S(0,1) + S(0,2))}. (4)
A typial two-body S
(0,2)
2 operator (5th and 6th diagrams of Fig.2 ()) may be written as
S
(0,2)
2 =
1
2
∑
p,q,u,v
〈pq|s
(0,2)
2 |uv〉{a
†
pa
†
qavau}, (5)
where u and v denote ative partile whih are destroyed. Note that orbitals p and q both annot be ative
at the same time. We further emphasize that under two-body trunation sheme S(0,2)=0, if all the partile
orbitals are ative.
In general, for a (k, l) valene problem, the luster operator must be able to destroy any subset of k- ative
holes and l- ative partiles. Hene, the wave operator Ω for (k, l) valene setor may be written as
Ω = {exp(S˜(k,l))}, (6)
where
S˜(k,l) =
k∑
m=0
l∑
n=0
S(m,n). (7)
To ompute the ground to exited state transition energies and M1 transition element(s) of Yb, we begin
with the Dira-Coulomb Hamiltonian (H) for an N -eletron atom whih an be written as
H =
N∑
i=1
[
c ~αi · ~pi + βmc
2 + VNuc(ri)
]
+
N∑
i<j
e2
rij
(8)
with all the standard notations often used. The normal ordered form of the above Hamiltonian, relative to
the mean eld energy, is given by
H = H − 〈Φ|H |Φ〉 = H − EDF =
∑
ij
〈i|f|j〉
{
a†iaj
}
+
1
4
∑
i,j,k,l
〈ij||kl〉
{
a†ia
†
jalak
}
. (9)
Here
〈ij||kl〉 = 〈ij|
1
r12
|kl〉 − 〈ij|
1
r12
|lk〉, (10)
EDF is the Dira-Fok energy and f is the one-eletron Fok operator.
5We dene the exat wave funtion Ψ
(k,l)
i for (k, l) valene setor as
Ψ
(k,l)
i = ΩΨ
0(k,l)
i (11)
where
Ψ
0(k,l)
i =
∑
i
C
(k,l)
i Φ
(k,l)
i . (12)
The funtions Φ
(k,l)
i in Eq.(12) are the determinants inluded in the model spae Ψ
0(k,l)
i and C
(k,l)
are the
orresponding oeients. Substituting the above form of the wave-funtion (given in Eqs. (11) and (12))
in the Shrödinger equation for a manifold of states H |Ψ
(k,l)
i 〉 = Ei|Ψ
(k,l)
i 〉, we get
HΩ
(∑
i
Ci|Φ
(k,l)
i 〉
)
= EiΩ
(∑
i
Ci|Φ
(k,l)
i 〉
)
, (13)
where Ei is the i-th state energy.
Following Lindgren [11℄, Mukherjee [12℄, Lindgren and Mukherjee [18℄, Sinha et al. [19℄ and Pal et al. [20℄,
the Fok-spae Bloh equation for the MR-FSCC may be written as
HΩP (k,l) = P (k,l)H
(k,l)
eff ΩP
(k,l) ∀(k, l), (14)
where
H
(k,l)
eff = P
(k,l)Ω−1HΩP (k,l) (15)
and P (k,l) is the model spae projetion operator for the (k, l) valene setor (dened by
∑
iC
(k,l)
i Φ
(k,l)
i ). For
omplete model spae, the model spae projetor P (k,l) satises the intermediate normalization ondition
P (k,l)ΩP (k,l) = P (k,l). (16)
6(a)
+       +   
(b)
Figure 3: Diagrammati representation of H
(0,1)
eff (gure a) and H
(0,2)
eff (gure b). The one- and two-body dressed
operators of
eH are represented by irle and dashed lines, respetively. Exhange diagrams are not shown here for
onveniene.
At this junture, we single out the luster amplitudes S(0,0) and all them T . The rest of the luster
amplitudes will heneforth be alled S and are shown in Fig. 2. The normal ordered denition of Ω enables
us to rewrite Eq.(7) as
Ω = exp(T ){exp(S)} = exp(T )Ωv (17)
where Ωv represents the wave-operator for the valene setor.
To formulate the theory for diret energy dierenes, we pre-multiply Eq.(14) by exp(−T ) and get
HΩvP
(k,l) = ΩvP
(k,l)H
(k,l)
eff P
(k,l) , ∀(k, l) 6= (0, 0) (18)
where H = exp(−T )H exp(T ). Sine H an be partitioned into a onneted operator H˜ and Eref/gr (N -
eletron losed-shell referene or ground state energy), we likewise dene H˜eff as .
H˜
(k,l)
eff = H
(k,l)
eff − Egr, ∀(k, l) 6= (0, 0). (19)
7+       +
Figure 4: Diagrammati representation of 〈Ψ
(0,2)
f |M1|Ψ
(0,2)
i 〉. The one-body dressed operator M1 =
exp(T †)M1 exp(T ) is represented by line with irle. Exhange diagrams are not shown here for onveniene.
Substituting Eq.(19) in Eq.(18) we obtain the Fok-spae Bloh equation for energy dierenes:
H˜ΩvP
(k,l) = ΩvP
(k,l)H˜
(k,l)
eff P
(k,l), ∀(k, l) 6= (0, 0). (20)
Eqs. (14) and (20) are solved by the Bloh projetion method for k = l = 0 and k = 0, l 6= 0, respetively,
involving the left projetion of the equations with P (k,l) and its orthogonal omplement Q(k,l) (P (k,l) +
Q(k,l)=1) to obtain the eetive Hamiltonian and the luster amplitudes, respetively. At this point, we
reall that the luster amplitudes in MR-FSCC are solved hierarhially through the subsystem embedding
ondition (SEC) [17, 21℄ whih is equivalent to the valene universality ondition used by Lindgren [11℄ in
his formulation. For example, in the present appliation, we rst solve the MR-FSCC for k = l = 0 to obtain
the luster amplitudes T . The operator H˜ and H˜
(0,1)
eff are then onstruted from this luster amplitudes T
to solve Eq. (20) for k = 0, l = 1 to determine S(0,1) amplitudes. The eetive Hamiltonian for (0, 1) Fok
spae (represented diagrammatially in Fig.3), onstruted from H , T and S(0,1) is then diagonalized within
the model spae to obtained the desired eigenvalues and eigenvetors. The diagonalization is followed from
the eigenvalue equation
H˜
(0,1)
eff C
(0,1) = C(0,1)E, (21)
where
H˜
(0,1)
eff = P
(0,1)[H˜ +
︷ ︸︸ ︷
H˜S(0,1)]P (0,1). (22)
The expression
︷ ︸︸ ︷
H˜S(0,1) in Eq.(22) indiates that operators H˜ and S(0,1)) are onneted by ommon orbital(s).
The MR-FSCC equations for (0, 2) setor are then solved to determine S(0,2) where the luster amplitudes
from the lower valene setors behave as known quantities. The eetive Hamiltonian for the (0, 2) Fok
spae onstruted from H , T , S(0,1) and S(0,2) is then diagonalized to get the desired roots by using the
equation
H˜
(0,2)
eff C
(0,2) = C(0,2)E . (23)
where
H˜
(0,2)
eff = P
(0,2)[H˜ +
︷ ︸︸ ︷
H˜S(0,1)+
1
2
︷ ︸︸ ︷
H˜S(0,1)S(0,1)+
︷ ︸︸ ︷
H˜S(0,2)]P (0,2). (24)
8It is worth noting that the eigenvalue and eigenfuntions for the (0, 1) valene setor are by-produts of
MR-FSCC for the (0, 2) valene setor with no additional omputation. One the luster amplitudes are
known, the magneti-dipole matrix element between the two states an be omputed using the following
expression
〈Final state(f)|M1|Initial state(i)〉 =
〈Ψ
(0,2)
f |M1|Ψ
(0,2)
i 〉√
〈Ψ
(0,2)
f |Ψ
(0,2)
f 〉〈Ψ
(0,2)
i |Ψ
(0,2)
i 〉
(25)
where |Ψ
(0,2)
i 〉 and |Ψ
(0,2)
f 〉 are the exat initial and nal states, respetively. With aid of Ω, the valene
universal wave operator, Eq.(18) an be further simplied to
〈M1〉fi =
〈Φ
(0,2)
f |(1 + S
†)M1(1 + S)|Φ
(0,2)
i 〉√
〈Φ
(0,2)
f |(1 + S
†)eT †eT (1 + S)|Φ
(0,2)
f 〉〈Φ
(0,2)
i |(1 + S
†)eT †eT (1 + S)|Φ
(0,2)
i 〉
, (26)
where M1 = exp(T †)M1 exp(T ) and S = S(0,1) + S(0,2).
The single partile redued matrix elements for the M1 transition is given by,
〈κf‖m1 ‖κi〉 =
6
αk
〈jf‖ C
(1)
q ‖ji〉 ×
(
κf + κi
2
)∫
j1(kr) (PfQi +QfPi) dr. (27)
Here j's and κ's are the total orbital angular momentum and the relativisti angular momentum quantum
numbers respetively; k is dened as ωα where ω is the single partile dierene energy and α is the ne
struture onstant. The single partile orbitals are expressed in terms of the Dira spinors with Pi and Qi
as the large and small omponents for the ith spinor, respetively. The angular oeients are the redued
matrix elements of the spherial tensor of rank m and are expressed as
〈κf‖ C
(m)
q ‖κi〉 = (−1)
jf+1/2
√
(2jf + 1)(2ji + 1)
(
jf m ji
1
2 0 −
1
2
)
π(lf ,m, li), (28)
with
π(lf ,m, li) =
{
1 if lf +m+ li even
0 otherwise
(29)
and l's being the orbital angular momentum quantum numbers. When kr is suiently small, the spherial
Bessel funtion jn(kr) is approximated as
jn(kr) ≈
(kr)n
(2n+ 1)!!
=
(kr)n
1 · 3 · 5 · · · ·(2n+ 1)
. (30)
III. RESULTS AND DISCUSSIONS
The magneti (M1) and eletri-dipole (E1) transition matrix elements of Yb are omputed using
37s33p28d12f5g GTOs with α0 = 0.00525 and β = 2.73 (geometrial basis with αi = α0β
i−1
). [High
lying unoupied orbitals are not inluded (kept frozen) in CC alulations.℄ The referene spae for ex-
itation energy and assoiated properties is onstruted by alloating 6s valene eletrons of Yb among
6s7s8s6p7p5d6d valene orbitals in all possible ways. The basis and referene spae used in this alulation
is exatly same as that employed in an earlier ommuniation by one of the author [22℄ for transition energies,
ionization potential and hyperne matrix element alulations. We have onsidered that the nuleus has a
nite struture and is desribed by the two parameter Fermi nulear distribution
ρ =
ρ0
1 + exp((r − c)/a)
, (31)
9Table I: Theoretial and experimental magneti dipole transition matrix elements (in Bohr magneton µB) of Yb.
Initial State Final State This work Expt./Theory
6s2 1S0 6s5d
3D1 1.34 × 10
−4 1.33 × 10−4[1℄
6s6p 3P0 6s6p
1P0 0.12 0.13[16℄
where the parameter c is the half harge radius and a is related to skin thikness, dened as the interval
of the nulear thikness in whih the nulear harge density falls from near one to near zero. The energy
levels of Yb and Yb+ are not reported here as those have already appeared in the previous work [22℄.
The magneti-dipole transition matrix elements in Yb omputed using MR-FSCC method agree well with
experiment and with other available theoretial alulations (see Table I.) The present result for |A(M1)|
for 6s2 1S0 −→ 6s5d
3D1 transition diers by less than one perent (< 1%) from the experimental value.
Our alulation further shows that the major ontribution to |A(M1)| omes from S(0,1) (S(0,2) ontribution
is only 1%). At this junture, we emphasize that the random phase approximation (RPA) and the seond
order multi-referene many-body perturbation theory (MR-MBPT(2)) estimate this quantity (|A(M1)|) to
be 0.68× 10−4µB and 0.98× 10
−4µB respetively. These large deviations (∼ 49% for RPA and ∼ 25% for
MBPT) in the perturbative estimate learly demonstrates the importane of higher order orrelation eets.
In addition to the trasition matrix element
〈
6s5d 3D1
∣∣M1 ∣∣6s2 1S0〉, we also report the 6s6p 3P0 −→
6s6p 1P1 M1 transition amplitude in Yb, whih plays an important role in the measurement of PNC indued
eletri-dipole amplitudes [16℄. We briey outline its relevane as the details are available elsewhere [16℄.
The PNC-indued eletri-dipole transition amplitude A(E1)PNC is given by
A(E1)PNC =
〈
6s6p 1P1
∣∣ ez ∣∣6s6p 3P0〉
≈ b
〈
5d3/26s1/2
∣∣Hw ∣∣5d3/26p1/2〉
∆E
×
〈
6s5d 3D1
∣∣ ez ∣∣6s6p 3P0〉
(32)
where Hw is the PNC weak interation Hamiltonian in the non-relativisti limit, e is the eletroni harge, b
is a oeient that desribes the onguration mixing amplitude and angular mixing oeient, and ∆E is
the energy separation between the 6s5d 3D1 and 6s6p
1P1 states [16℄. The mixing oeients of the 6s5d
3D1
and 6s6p 1P1 states by the weak interation is given in Ref.[2℄. We have also determined the matrix element〈
6s5d 3D1
∣∣ ez ∣∣6s6p 3P0〉 whih turns out to be 2.52 a.u. This value provides a step forward towards the
determination of A(E1)PNC amplitude in Yb and in the searh of physis beyond the standard model.
IV. CONCLUSION
We have omputed the highly forbidden magneti-dipole transition matrix elements for 6s2 1S0 −→
6s5d 3D1 and 6s6p
3P0 −→ 6s6p
1P1 transitions in Yb using the Fok-spae multi-referene oupled-luster
(MR-FSCC) method. The values of the magneti-dipole transition matrix elements presented here are the
most aurate theoretial estimates to date and are in aord with the experimental value. We have also
evaluated the
〈
6s5d 3D1
∣∣ ez ∣∣6s6p 3P0〉 matrix element, whih an be ombined with other known quantities
to determine the PNC amplitude for the 6s2 1S0 −→ 6s5d
3D1 transition in atomi Yb. To our knowledge
this the rst time any variant of oupled-luster theory is applied to determine this quantity, whih is ex-
peted to be useful to experimentalists in this area and in the searh of any new physis beyond the standard
model.
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